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Abstract. In this paper we explore graded algebras of quotients of Lie algebras with special 
emphasis on the 3-graded case and answer some natural questions concerning its relation to 
maximal Jordan systems of quotients. 



Introduction 

The study of algebras of quotients of Lie algebras was iniciated by the second author in [23] . 
Inspired by the associative definition of ring of quotients given by Utumi in [25] and adapting 
some ideas from [IGj , a notion of general algebra of quotients of a Lie algebra was introduced 
and also, as a special concrete example, a maximal algebra of quotients for every semiprime 
Lie algebra was built. 

The introductory paper |23j was followed by [4], where abstract properties of algebras of 
quotients were considered, and by [5], where the main objective was to compute maximal 
algebras of quotients of Lie algebras of the form jZj^ and K/Zk, for A a prime associative 
algebra, K the Lie algebra of skew elements of a prime associative algebra with involution and 
Za and Zk their respective centers. 

In the present article we are interested in algebras of quotients of graded Lie algebras. 
One of the reasons to consider them is the relationship between 3-graded Lie algebras and 
Jordan pairs: recall that given a Jordan pair V , there exists a 3-graded Lie algebra, TKK{V), 
such that TKK{y)-i = V~ and TKK(y)i = (and other additional properties), where 
TKKiy) stands for the Tits-Kantor-Koecher Lie algebra associated to V . 

Apart from a preliminary section, we have divided the paper into three parts. We start by 
introducing in Section 2 graded algebras of quotients of Lie algebras. As in the non- graded 
case, graded algebras of quotients of graded Lie algebras inherit primeness, semiprimeness and 
strong nondegeneracy. We study the relationship between the graded and the non-graded no- 
tions of quotients, and give important examples of graded algebras of quotients of Lie algebras. 
Concretely, for A = ©o-ec^o- a graded semiprime associative algebra with an involution * such 
that A*^ = Afj, Ka the Lie algebra of all the skew elements of A, and Zkj^ the annihilator 
of Ka, we prove that if Q is a G-graded *-subalgebra of Qs{-^) (the Martindale symmetric 
algebra of quotients of A) containing A, then Kq/Zkq is a G-graded Lie algebra of quotients 
of Ka/Zka, and [Kq, Kq]/ Z^Kq,Kq\ is a graded Lie algebra of quotients of [Ka, Ka]/ Z^Ka^Ka]- 
As a corollary we obtain that /Zq and [Q^ , Q^]/ Z^q^qt^ are graded algebras of quotients of 
A^ /Za and [A~ ^ A~]/ Z^a,A], respectively. 
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Section 3 deals with the particular case of 3-graded Lie algebras. Finally, in Section 4 we 
relate Jordan systems of quotients and Lie algebras of quotients, where by a Jordan system 
we understand a Jordan pair, a triple system or a Jordan algebra. We prove that the maximal 
system of quotients of a strongly nondegenerate Jordan system is the associated system to the 
maximal Lie algebra of quotients of its TKK (see Section 4 for the definitions). 

1. Preliminaries 

In this paper we will deal with Lie algebras over an arbitrary unital and commutative ring 
of scalars ^. 

Recall that a <l>-module L together with a bilinear map [ , ] : L x L — > L, denoted by 
(x, y) I— > [x, y] (called the bracket of x and y), is said to be a Lie algebra over ^ if the following 
axioms are satisfied: 

(i) [x, x] = 0, 

(ii) [x, [y, z]] + [y, [z, x\\ + [z, [x, y\\ = {Jacobi identity). 

Given an abelian group G (whose neutral element will be denoted by e), a Lie algebra L 
is called G- graded if L = (BaecLa, where Lo- is a ^>-subspace of L and [La-, L^] ^ -Lo-r for all 
a, T £ G. When the group is understood we will use the term "graded" instead of "G-graded" . 
For any subset X of L, its support is defined as Supp(X) = {cj G G | x^- / for some x G X}. 
The grading on L is called finite if Supp(L) is a finite set. 

Every Lie algebra L can be seen as a graded algebra over any group G by considering the 
trivial grading, that is L = ©o-eG-^^o-j where = L (being e the neutral element of the group 
G) and = {0} for any a € G\{e}. Thanks to this fact, every statement for graded algebras 
can be read in terms of algebras. 

For a graded Lie algebra L = (BaecLa-, the set of homogeneous elements is Uo-eG-^o"- '^^^ 
elements of are said to be homogeneous of degree a. Graded subalgebras are defined in 
the natural way. 

An ideal I of a graded Lie algebra L = (BaeG^a is called a graded ideal if whenever y = 
^ yo- G I we have ya € I, for every a & G. It is straightforward to show that the sum, the 
intersection and the product of graded ideals are again graded ideals. 

Let X and Y be two subsets of a Lie algebra L. The set 

Annx(^) := {x £ X \ [x, y] = for every y G Y} 

is called the annihilator of Y in X, while we will refer to 

QAnuxiY) := {x £ X \ [x, [x,y]] = for every y G Y} 

as the quadratic annihilator of Y in X. It is easy to check, by using the Jacobi identity, that 
Anni(X) is a (graded) ideal of L when X is also a (graded) ideal of L, although the quadratic 
annihilator of an ideal needs not be an ideal (see |22l Examples 1.1]). In the special situation 
that X = L = Y , Anni(L) is called the center of L and is denoted by Zl', the elements of the 
center are called total zero divisors. If there is no risk of confusion, we will write Ann(y) for 
AnnL(y). 

We say that a (graded) Lie algebra L is (graded) semiprime if for every nonzero (graded) 
ideal / of L, [I, /] ^ 0. In the sequel we shall usually denote [/, I] by I^. Next, L is said to be 
(graded) prime if for nonzero (graded) ideals / and J of L, [/, J] ^ 0. A (graded) ideal I of 
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L is said to be (graded) essential if its intersection with any nonzero (graded) ideal is again a 
nonzero (graded) ideal. 

Lemma 1.1. Let I he a graded ideal of a graded Lie algebra L = (BaecLa- Then: 

(i) Ann(/) is a graded Lie ideal of L. In particular, Zl is a graded ideal of L. 
If moreover L is graded semiprime, then: 
20(ii) /nAnn(/) = 0. 

(iii) I is a graded essential ideal of L if and only i/ Ann(I) = 0. 

Proof, (i). The only thing we are going to show is that every homogeneous component of any 
element x G Ann(/) is again in Ann(I). Fix20T E G. Note that [x^, Ir] = for every a (z G 
because otherwise there would exist yr G such that [xa, yr] 7^ for some a £ G; this would 
imply 7^ [x, It] ^ [x, /] = 0, a contradiction. Hence [xa, I] = QreGi^a, It] = 0. 

To obtain (ii) and (iii), follow the proofs of conditions (i) and (ii) in [23, Lemma 1.2]. □ 

Note that if L is (graded) semiprime, then I^ is a (graded) essential ideal if / is so. Further, 
the intersection of (graded) essential ideals is clearly again a (graded) essential ideal. 

Given an element x of a Lie algebra L, we may define a map adx: L — > L by ad x(?/) = [x, y]. 
A (homogeneous) element x of a (graded) Lie algebra L is a (homogeneous) absolute zero 
divisor if (adx)^ = 0. The algebra L is said to be (graded) strongly nondegenerate if it does 
not contain nonzero (homogeneous) absolute zero divisors. It is obvious from the definitions 
that (graded) strongly nondegenerate Lie algebras are (graded) semiprime, but the converse 
does not hold (see [231 Remark 1.1]). 

2. Graded algebras of quotients of graded Lie algebras 

Following the pattern of |23J it is possible to introduce algebras of quotients of graded Lie 
algebras, and to build a maximal graded algebra of quotients for every graded semiprime Lie 
algebra. We devote this section to this end and to relate both notions: the graded and the 
non-graded ones. Some interesting examples of graded algebras of quotients have also been 
found. 

Definitions 2.1. Let L = ©o-gG-^o- be a graded subalgebra of a graded Lie algebra Q = 
®a&GQ(T- We say that Q is a graded algebra of quotients of L or also that L is a graded 
subalgebra of quotients of Q if the following equivalent conditions are satisfied: 

(i) Given 7^ Po- € Qa and q^ £ Qt, there exists Xa € Lq, such that [xq, p^] 7^ and 
[xa, l{(It)] ^ where l{(1t) denotes the linear span in Q of qr and the elements of 
the form ad^^^ • • • adx^qr-, with n € N and xi, . . . , x„ £ L. 

(ii) Q is graded ideally absorbed into L, i.e., for every nonzero element q^- € Qr there 
exists a nonzero graded ideal I of L with Anniil) = and such that 7^ [/, qr] Q L. 

If for any nonzero Pa G Qa there exists Xa G La such that 7^ [xa, Pa] G L, then we say 
that Q is a graded weak algebra of quotients of L, and L is called a graded weak subalgebra of 
quotients ofQ. 

Remarks 2.2. The definitions before are consistent with the non-graded ones (see |23[ Defi- 
nitions 2.1 and 2.5]) in the sense that if Q is a (weak) algebra of quotients of a Lie algebra L, 
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then it is also a graded (weak) algebra of quotients of L when considering the trivial gradings 
on L and Q. 

The necessary and sufficient condition for a graded Lie algebra to have a graded (weak) 
algebra of quotients is the absence of homogeneous total zero divisors different from zero, 
condition that turns out to be equivalent to have zero center. 

Remark 2.3. Although every graded algebra of quotients is a graded weak algebra of quo- 
tients, the converse is not true, as shown in the following example. 

Consider the C-module P of all polynomials X^r^o '^ith G C and m G N, with 
the natural Z-grading. Denote by o" : C ^ C the complex conjugation. Then the following 
product makes P into a Z-graded Lie algebra: 



_r=0 s=0 

Let Q be the Z-graded Lie algebra P/I, where / denotes the Z-graded ideal of P consisting 
of all polynomials whose first nonzero term has degree at least 4, and let L be the following 
graded subalgebra of Q: 

L = {oq + a2x'^ + asx"^ | aoi "2, 03 € C}, 

where y denotes the class of an element y £ P in P/I. Then Q is a graded weak algebra of 
quotients of L, but Q is not a graded quotient algebra of L since no I & L satisfies [l,x] € L 
and [/, x^] ^ (see [SH Remark 2.6]). 

As it happened in the non-graded case (see [23l Proposition 2.7]), some properties of a 
graded Lie algebra L are inherited by each of its graded weak algebras of quotients. We give 
here a different approach to show that graded strong nondegeneracy is inherited. 

Proposition 2.4. Let Q = (BaecQu be a graded weak algebra of quotients of a graded sub- 
algebra L and suppose that ^ is 2 and 3-torsion free. Then L graded strongly nondegenerate 
implies Q graded strongly nondegenerate. 

Proof. Suppose that there exists an element ^ Qt in such that (adg,-)^ = 0. Since Q 
is a graded weak algebra of quotients of L, / y := [qt, x^] G L for some x^ ^ L^j. As qr 
is in QAnnQ(Q) C QAnnQ(L) we have, by [22l Theorem 2.1], that [y, [y, n]] G QAnn^(L) 
for every it G L (observe that the map u ^ adu gives an isomorphism between L and its 
image inside A(Q), the Lie subalgebra of End(Q) generated by the elements adx for x in Q\ 
this allows to apply the result in [22]). But QAnnj;^(L) is zero, because L is graded strongly 
nondegenerate, therefore [y, [y, u]\ = for every u & L. Again the same reasoning leads to 
y = 0, a contradiction. This shows the statement. □ 

Now we show the relationship between graded (weak) algebras of quotients and (weak) 
algebras of quotients, a useful tool that combined with other results will provide with examples 
of graded algebras of quotients. 

Lemma 2.5. Let L be a graded subalgebra of a graded Lie algebra Q = (BaecQa. If Q is a 
weak algebra of quotients of L then Q is also a graded weak algebra of quotients of L. 

Proof. For qr £ Qt, apply the hypothesis to find x £ L such that ^ [x, qr] £ L; in 
particular, 7^ [xa, qr] £ Lar for some a G G. □ 
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Recall that given a subalgebra L of a Lie algebra Q and an element q Q, the set 

(L: q):={xeL \ [x, C L} 

is an ideal of L (see [23l Lemma 2.10 (i)]). In case of being L a graded subalgebra of a graded 
Lie algebra Q and Qr G Q, it can be proved (L : q-r) is indeed a graded ideal of L. 

Lemma 2.6. Let Q = (Ba&cQa be a graded algebra of quotients of a graded semiprime Lie 
algebra L. Then, given ^ p^^ Q(j and q^-^ G Qr^, with Ti £ G and i = 1, . . . ,n (for any 
n G N^, there exist a £ G and Xa G L^ such that [x^, Pa] 7^ and [x^, l(9tJ] ^ L for every 
i = 1, . . . ,n. 

Proof. Consider 7^ Po- G Qa and g^, G Qn, with i = 1,... ,n. By [23l Lemma 2.10 (i)], 
(L : qr^) is a graded essential ideal of L for every i, hence / = r\^^i{L : q^J is again a graded 
essential ideal of L. Condition (iii) in Lemma 1 1 . 1 1 implies Anni(/) = and by [23, Lemma 
2.11] we obtain AnnQ(/) = 0. So, there exists x G / such that [x, p^] 7^ 0, and if we decompose 
X into its homogeneous components we find some a G G satisfying [xq, Pa] 7^ 0. Now the proof 
is complete because x^ G / as / is a graded ideal and x G /. □ 

Proposition 2.7. Let L he a graded subalgebra of a graded Lie algebra Q = (BaecQu- Con- 
sider the following conditions: 

(i) Q is an algebra of quotients of L. 

(ii) Q is a graded algebra of quotients of L. 

Then (i) implies (ii). Moreover, if L is graded semiprime then (ii) implies (i). 

Proof, (i) ^ (ii). Given 7^ Po- G Qa and q^ G Qr, by the hypothesis there exists x G 
L satisfying [x, Pa] 7^ and [x, l('7t)] ^ L, that is, x G (L : qr). This means by the 
considerations above that Xa £ [L : q^). 

(ii) =^ (i). Suppose now that Q is a graded algebra of quotients of L, with L graded 
semiprime. Take p, q in Q, with p 7^ 0; let o" G G be such that Pa ^ and write ri, r2, . . . , r„ 
to denote the elements of Supp(g). By Lemma \TM it is possible to find an element Xq, G La 
satisfying [x^, Pa] 7^ and [xq, L(9rJ] ^ L for every i = l,...,n, hence [xa,p] 7^ and 
[3^0; lC?)] ^ this shows that Q is an algebra of quotients of L. □ 

We continue the section with some important examples of graded algebras of quotients of 
graded Lie algebras. For brevity, we will not include all the definitions involved in the first 
example (we refer the reader to [5l 5.4]). However, in Section 4 we will explain what the 
TKK- algebra of a Jordan pair is. Recall that any strongly prime hermitian Jordan pair V is 
sandwiched as follows (see ^5^ 5.4]): 

HiR, *)<V <H{Q{R),*), 

where i? is a *-prime associative pair with involution and Q{R) is its associative Martindale 
pair of symmetric quotients. 

Example 2.8. Let i? be a *-prime associative pair with involution, and Q{R) its Martindale 
pair of symmetric quotients. Then TKK{H{Q{R),*)) is a 3-graded algebra of quotients of 
TKK{H{R,*)). 
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Proof. From P Proposition 4.2 and Corollary 4.3], Q := TKK{H{Q{R),*)) is ideally ab- 
sorbed into the strongly prime Lie algebra L := TKK{H{R, *)); use [23l Proposition 2.15] to 
obtain that Q is an algebra of quotients of L and Proposition 12.71 to reach the conclusion. □ 

Now, we provide with examples of graded Lie algebras of quotients of graded Lie algebras 
arising from associative algebras graded by abelian groups. 

Let A be an associative algebra with an involution *; then the set of skew elements Ka = 
{x G A : X* = —x} is a Lie subalgebra of A^ . If A is G-graded and A^. = Aa-, for all a £ G, 
then Ka and Ka/Zk^^ are G-graded Lie algebras too. 

For a semiprime associative algebra, denote by Qs^A) its Martindale symmetric ring of 
quotients (see, for example [2] for more information about this ring of quotients). 

Theorem 2.9. Let A be a semiprime G-graded associative algebra with an involution * such 
that A* = Afj, for every a £ G, and let Q = (Bae gQu be a G-graded overalgebra of A contained 
in Qs{A) and satisfying Q% = Qo- for every a £ G. Then: 

(i) Kq/Zkq is a graded algebra of quotients of Ka/ Zk^- 

(ii) [Kq,K'q]/Z[^q_^q] is a graded algebra of quotients of [Ka, Ka]/Z[Ka,Ka]- 

Proof. By [H Theorem 1], Kq/Zkq and [Kq,Kq\/Z^Xq,Kq] are algebras of quotients of 
Ka/Zka and [Ka,Ka\/Z\^]^^^x^t^, respectively. Since A is semiprime, and so is Q (by [21 
Lemma 2.1.9.(1)]), it follows from [151 Theorem 6.1] that Ka/Zkj^ and Kq/Zkq are semiprime 
Lie algebras. In particular, they are graded semiprime, hence Proposition 12.71 applies to get 
the result. □ 

Note that for an arbitrary graded associative algebra A, the graded Lie algebra A~ is graded 
isomorphic to Ka@a'^ ^'^^ hence A~ / Za is graded isomorphic to Ka@a'^ I Zk^^^o ' where A^ 
denotes the opposite algebra of A, and A® A^ is endowed with the exchange involution. This 
fact allows to obtain the following consequence of the theorem before. 

Corollary 2.10. Let A be a semiprime graded associative algebra and Q be a graded subalgebra 
of Qs{A) containing A. Then 

(i) Q~/Zq is a graded algebra of quotients of A~ /Za- 

(ii) [Q,Q]/ZjQ Q] is a graded algebra of quotients of [A, A]/Z^a,A]- 

Following the construction given in [23j of the maximal algebra of quotients of a semiprime 
Lie algebra, it is possible to build a maximal graded algebra of quotients for every graded 
semiprime Lie algebra. Taking into account that the elements of the maximal algebra of 
quotients of a semiprime Lie algebra arise from derivations defined on essential ideals, it 
seems natural to consider instead graded derivations defined on graded essential ideals. With 
this idea in mind, we proceed to introduce a new graded algebra of quotients. 

Let I be an ideal of a Lie algebra L. A linear map 6 : I ^ L is said to be a derivation of L 

if 

^{[x, y]) = [Sx, y] + [x, Sy] 
for every x, y € I, and Der(/, L) will stand for the set of all derivations from / into L. Suppose 
now that the Lie algebra L is graded by a group G, and that / is a graded ideal of L. We 
say that a derivation 5 has degree cr G G if it satisfies S{Ir) C Lra for every t G G. In this 
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case, S is called a graded derivation of degree a. Denote by Dergr{I, L)a- the set of all graded 
derivations of degree a. Clearly, it becomes a <I>-module by defining operations in the natural 
way and, consequently, Deigril, L) := (BaGG^^^gr{I, L)fj is also a <I>-module. 

For any element x in a Lie algebra L, the adjoint map adx : I — > L defined by adx(y) = 
[x, y] is a derivation of L. If L is graded by a group G and x is a homogeneous element of 
degree o", then adx is in fact a derivation of degree a. In general, for any x in the graded Lie 
algebra L, 

adx = adxo- G T>eTgr{I, L)o- = Dei:gr{I, L). 

In order to ease the notation, denote by Zgr-e{L) the set of all graded essential ideals of a 
graded Lie algebra L. If L is a G-graded semiprime Lie algebra, it can be shown (as in |23|, 
Theorem 3.4]) that the direct limit 

Qgr-m{L) := lim Dergr(/, L) 

of graded derivations of L defined on graded essential ideals of L is a graded algebra of quotients 
of L containing L as a graded subalgebra, via the following graded Lie monomorphism: 

tp : L — > Qgr-rn{L) 

X 1-^ (adx)i 

where 5i stands for any arbitrary element of Qgr~m{L)- 

Moreover, Qgr-m{L) is maximal among the graded algebras of quotients of L. It is called 
the maximal graded algebra of quotients of L. The following result characterizes it. We omit 
its proof because it is similar to that of [23^ Theorem 3.8]. 

Theorem 2.11. Let L be a graded semiprime Lie algebra and consider a graded overalgebra S 
of L. Then S is graded isomorphic to Qgr-m{L), under an isomorphism which is the identity 
on L, if and only if S satisfies the following properties: 

(i) For any s^ & (a & G) there exists L G Zgr^e{L) such that [/, s^] C L. 

(ii) For So- G S'o- (a & G) and L G Zgr-e{L), [/, So-] = implies s^ = 0. 

(iii) For L G Zgr-e{L) and 6 G PDergi.(/, L)a- (a & G) there exists s^ G such that 
5{x) = [scr, x\ for every x G /. 

Remark 2.12. Note the conditions (i) and (ii) in the theorem above are equivalent to the 
following one: 

(ii)' 5 is a graded algebra of quotients of L. 

Remark 2.13. The notion of maximal graded algebra of quotients extends that of maximal 
algebra of quotients given in [23] as the maximal graded algebra of quotients and the maximal 
algebra of quotients of a semiprime Lie algebra coincide when considering the trivial grading 
over such an algebra. 

3. Maximal graded algebras of quotients of 3-graded Lie algebras 

Let L be a Z-graded Lie algebra with a finite grading. We may write L = 0^^_^Lfc and 
we will say that L has a (2n + \)-grading. In what follows, we will deal with 3-graded Lie 
algebras. 
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In this section we show that for a 3- graded semiprime Lie algebra L, the maximal algebra 
of quotients of L is 3-graded too and coincides with the maximal graded algebra of quotients 
of L, as defined in Section 4. 

Lemma 3.1. Let L = L_i © Lq © Li be a 3-graded Lie algebra and L an ideal of L. Denote 
by VTj the canonical projection from L into Li (with i £ { — 1, 0, 1}) and consider L := J + 
7r_i(J) +7ri(J), where J := [[/, /], [/, /]]. Then: 

(i) L is a graded ideal of L contained in L. 
If moreover L is semiprime, then: 

(ii) / is an essential ideal of L if and only if I is an essential ideal of L. 

(iii) Suppose that L is a graded ideal. Then I is an essential ideal of L if and only if it is a 
graded essential ideal of L. 

Proof, (i). Note that vro(J) C I since ttq = Id — 7r_i — vri. Show first that I is an ideal of L: 
take X & I and y L and write x = u + z_i + ti, where u and the elements z = z_i + zq + zi 
and t = t-i + to + *i are in J. We have 

(t) [x, y] = [u, y] + [z^i, y] + [ti, y]. 

Now, since u is in J, which is an ideal of L, we obtain [u, y] £ J I. On the other hand, 
writing y = + yo + 2/1 we have [z-i., y] = [^-i, yo] + [z-i, yi]; apply again that J is an 
ideal to obtain [z, yi], [z, yo] £ which implies that the elements [z, yi]o = [z-i, yi] and 
[z, yo]-i = [z^i^ yo] are in /. Hence, [z-i^ y] G I. Analogously, it can be shown [ti, y] € /. 
Put together ([f]) and this to obtain [x, y] € /, as desired. 

We claim that / is in fact a graded ideal: consider xx-i + xq + xi € / and write, as above, 
X = u + Z-i + ti, with u, z = Z-i + Zq + zi and t = t_i + to + elements in J. Then 
x_i = n_i + xo = uq and xi = ui + ti. Thus, taking into account the definition of I we 
obtain that Xj G / for i € { — 1, 0, 1}. 

Finally, we prove that / is contained in I by showing that 7r_i(J) and vri(J) are contained 
in I. Define S := tti — 7r_i. Then 6'^ = 7r_i + tti implies 27ri = 6'^ + 6 and 27r_i = S'^ — 6. 
Hence, to prove that 7r_i(J) and vri(J) are contained in I, it is enough to check that 5^ (J) 
and 6(J) are contained in I. Take x, y £ I and write x = x_i + xq + xi and y = y_i + yo + yi 
where Xj, yi G Lj for i G {—1,0, 1}. A computation gives 

[x, y]-i = [x-i, yo] + [xo, y-i] = [x-i, y] - [x_i, yi] + [x, y_i] - [xi, y_i] 
y]i = [xo, yi] + [xi, yo] = [xi, y] - [xi, y^i] + [x, yi] - [x_i, yi]. 

So (5([x, y]) = [x, y]i - [x, y]_i = [xi, y] + [x, yi] - [x_i, y] - [x, y_i] G /, that is, 6{[I, /]) C /; 
it can be proved analogously S{J) C [/, /] C /, therefore 5^(J) C /]) C /. 

(ii) . Consider I as an essential ideal of L. Note that the semiprimeness of L implies that J 
is also an essential ideal of L. Hence, JDK ^ for any nonzero ideal K oi L and so I PI 7^ 0. 
This shows that I is an essential ideal of L. 

To prove the converse, suppose that / is an essential ideal of L. As / C / (by (i)), the ideal 
/ must be essential too. 

(iii) . It is trivial that / essential as an ideal implies / essential as a graded ideal. 
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Suppose now that / is a graded essential ideal and let U he a nonzero ideal of L. Being 
L semiprime, K := [[U, U], [U, U]] is a nonzero ideal of L. Apply (i) to obtain that U := 
K + 7r_i(ir) + 'Ki{K) is a graded ideal of L contained in U . As / is a graded essential ideal, 
/ n [/ / and hence / n [/ / 0. □ 

Theorem 3.2. Let L = L_i © Lq © he a semiprime 3-graded Lie algebra. Then: 

(i) Qm{L) is graded and graded isomorphic to Qgr~m{L). 

(ii) If L is strongly nondegenerate and ^ is 2 and 3-torsion free, then Qm{L) is a 3-graded 
strongly nondegenerate Lie algebra. 

Proof, (i). Observe first that L, viewed as a 3-graded Lie algebra, is graded semiprime (since 
it is semiprime), so it has sense to consider Qgr-^m{L)- 
Define 

(p : Qm{L) — > Qgr-m{L) 

5j I— > 6j 

where for an essential ideal / of L, / C / is the graded essential ideal defined in Lemma |3.1[ 
The Lie algebra QmiL) is 5-graded: let / be an essential ideal of L and / as before. It is 
easy to check, by considering the canonical projections onto the subspaces Ii {i G {—1,0, 1}), 
that PDer(J, L) is just ©i=_2PDergi.(/, L)j, which coincides, by definition, with PDergr(I, L). 
This shows our claim and that the map ip is well-defined. Finally, keeping in mind Lemma 
13.11 (iii) it is straightforward to verify that ip is a graded Lie algebra isomorphism. 

(ii). Apply (i) and ^ Proposition 1.7]. □ 

4. Jordan pairs of quotients and 3-graded Lie algebras of quotients 

Our target in this section is to analyze the relationship between the notions of Jordan pair of 
quotients and of (graded) Lie algebra of quotients, via the Tits-Kantor-Koecher construction. 
In the particular case of maximal quotients, we will prove that under the suitable hypothesis, 
the maximal Lie algebra of quotients of the TKK-algebra of a Jordan pair V is the TKK- 
algebra of the maximal Jordan pair of quotients of V. 

A Jordan pair over <I> is a pair V = {V'^, V~) of <I>-modules together with a pair {Q^, Q^) 
of quadratics maps : I{om{V~^ , V"') (for o" = it) with linearizations denoted by 

Qx,z y = {^) ^} = ^x,y^-> where Q%^z — Qx+z ~ Qx ~ Qz^ satisfying the following identities 
in all the scalar extensions of <I>: 

(i) DlyQ- = Q-^Dy^Z 

^ ' Va;i/iy x,Qy X 

(iii) g-Q.^ = QSQ-'^gs 

for every x G V"' and y £ V~'^. 

From now on, we shall deal with Jordan pairs V = {V^, y~) over a ring of scalars <I> 
containing i. In order to ease the notation, Jordan products will be denoted by QxU, for any 
X E V^, y € V"'^ . The reader is referred to [13] for basic results, notation and terminology on 
Jordan pairs. Nevertheless, we recall here some notions and basic properties. 

Let V = {V~^, y~) be a Jordan pair. An element x E is called an absolute zero 
divisor if Qx = 0, while the pair V is said to be strongly nondegenerate {nondegenerate in 
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the terminology of [7J) if it has no nonzero absolute zero divisors. The pair V is semiprime if 
Qi±I^ = imply / = 0, being / an ideal of V , and is called prime if Qj±J^ = imply 7 = 
or J = 0, for / and J ideals of V. A strongly prime pair is a prime and strongly nondegenerate 
pair. 

For a subset X = X^) of V, the annihilator of X in F is Annv(X) = (Anny(X)+, 

Anny(X)~), where, for o" = ± 

Anny(X)'^ = {z G I {z, X"^, = {z, F"", X''} = {F"'^, z, X""} = 0}. 

One can check that Anny(/) is an ideal of y if / is so. Ideals of Lie algebras having zero 
annihilator are essentials and when the Lie algebra where they live is semiprime, the reverse 
holds, i.e., every essential ideal has zero annihilator (see \23\ Lemma 1-2]). In the context of 
Jordan pairs, a similar result can be shown. 

Lemma 4.1. Let I = I^) be an ideal of a semiprime Jordan pair V = {V~^ , V^). Then: 

(i) InAnnvil) = 0. 

(ii) / is an essential ideal ofV if and only i/ Anny(/) = 0. 

Proof, (i). If we show that the ideal K := I n Anny(/) satisfies that Qx±K^ = 0, for 
K'^ = I'^ f] Anny(/)°', o" = =b, the result follows by the semiprimeness of V. Given x G C 
Anny(/)'^ for a = ± we have {x, R-", V} = since K'" C I-". So {K", K'", V} = 
for (T = ± and hence Qj^±K^ = 0, as desired. 

(ii). Consider an essential ideal / = (I"*", /~) of V; then / n Annv(/) = by (i), and by 
the essentiality, Annv(/) = 0. Conversely, suppose that Anny(/) = and consider an ideal 
K = {K+, K--)oiV satisfying / n K = 0. 

For X G , with a = it, and taking into account that / and K are ideals of V , we obtain 

{x, /-^ V}, {x, r }, X, j-'^} c / n A' = 0, 

hence, K C Annv(/) = 0. This shows that / is an essential ideal of V . □ 

Let us recall the connection between Jordan 3-graded Lie algebras and Jordan pairs. 

A 3-graded Lie algebra L = L_i © Lq © -Li is called Jordan 3-graded if [Li, = Lq 
and there exists a Jordan pair structure on (Li, -L_i) whose Jordan product is related to 
the Lie product by {x, y, z} = [[x, y], z], for any x, z G Lq-, y G L-a, cr = ±. In this case, 
V = (Li, L-i) is called the associated Jordan pair. 

Since ^ E <I>, the product on the associated Jordan pair is unique and given by Qxy = 
^{x, y, x} = ^[[x, y], x]. Conversely, for any 3-graded Lie algebra, the formula above defines 
a pair structure on (Li, L-i) whenever g G *I* (see |2H 1.2]). 

One important example of a Jordan 3-graded Lie algebra is the TKK-algebra of a Jordan 
pair. It is built as explained below. 

Let V = (F+, V~) be a Jordan pair; a pair {6^, 5^) G End$(y+) x End$(y^) is a 
derivation of V if it satisfies 

6mx, y, z}) = (x), y, z] + {x, 5~%y), z] + {x, y, S'' {z)] 

for any x, z G and y G F^'^, o" = it. For (x, y) G V the map (5(x, y) := {D^^y, —Dy ^) 
is a derivation of V (by the identity (JP12) in [14J) called inner derivation. Denote by 
IDer(y) the <^-module spanned by all inner derivations of V and define on the ^-module 
TKK(y) := y+ © IDer(y) © V the following product: 
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[x+ e 7 ffi a; ,y^®i^®y ] =(7+2; - l^+x^) © ( [7> ^A + ^i.x'^, V ) 

-(5(y+, x~)) e {'j-y'fi-x'), 

where x°', y'^ G V"^ and 7 = (7+, 7_), /i = G IDer(y). Then, it can be proved 

that TKK(y) becomes a Lie algebra (see e.g. [18j). As this construction has its origin in the 
fundamental papers [9llini[II] by Kantor, in [121 [IB] by Koecher and in [24J by Tits, TKK{V) 
is called the Tits- Kantor- Koecher algebra of V or the T^KK.-algehra for short. It is easy to 
check that the following provides TKK(y) with a 3-grading: 

TKK(y)i = y+, TKK(y)o = IDer(y), TKK(y)_i = V . 

Moreover, TKK(1/) is a Jordan 3-graded Lie algebra with V as associated Jordan pair. 

If L is a Jordan 3-graded Lie algebra with associated Jordan pair V , then the TKK- algebra 
associated to V is not in general isomorphic to L. Rather, we have: 

Lemma 4.2. ([20!, 2.8]). Let L he a Jordan 3-graded Lie algebra with associated Jordan pair 
V. Then TKK(y) ^ L/Cy, where C7y = {x e Lq | [x, Li] = = [x, L_i]} = Z{L) n Lq. 

Now, we are going to show the equivalence between Jordan pairs of quotients and Lie 
algebras of quotients of their respective TKK-algebras. 

Lemma 4.3. Let V be a semiprime Jordan pair, and I = (1^,1^) an ideal ofV. Define by 
IdTKK(y)(^) =I^®{ [I^, V^] + J-] ) e J- the graded ideal o/TKK(y) generated by I. 
Then AnnTKK(v)(IdTKK(y)(-^)) = i/ and only if Annv{I) = 0. 

Proof See [3 Lemma 2.9]. □ 

Definition 4.4. (See [3 2.5]). Let F be a semiprime Jordan pair contained in a Jordan pair 
W. It is said that TV is a pair of Tl-quotients of V if for every ^ q G W" (with o" = ±) there 
exists an ideal I oi V with Annv/(/) = such that {q, I'", V] + {q, F"'", I"} '^V and 
q, V-""} C y-"^, with either {q, J-'', V} + {q, V''' , I"} 7^ or {J-", q, V'''} / 0. 

Theorem 4.5. Let V be a semiprime subpair of a Jordan pair W . Then the following condi- 
tions are equivalent: 

(i) W is a pair of 'M.- quotients of V . 

(ii) TKK(PF) is an algebra of quotients o/TKK(F). 

Proof, (i) =^ (ii) is [3 Theorem 2.10]. 

(ii) =^ (i). Take 7^ g'^ € W" {a = ±) and apply Propositions 12.71 to find a 3-graded ideal 
/ of TKK(y) with AnnTKK(y)(^) = and such that / [/, g'^] C TKK{V). We claim that 
ly ■= Iie( [Ii, y~] + [y+, /_i] )©/-! is an essential ideal of TKK(y), where / = /ieloe/_i. 
Let K = Ki (B Kq © K^i be a nonzero 3-graded ideal of TKK{V); the semiprimeness of V 
implies that either Ii n Ki 7^ or /_i n K^i ^ (see the proof of [8l Proposition 2.6]) and 
therefore ly K ^ 0. By Lemma and 11.11 (iii), Ann'pKK(y)(-^y) = Oj by Lemma 14.31 
Anny((Ii,/_i)) =0. 



12 JUANA SANCHEZ ORTEGA, MERCEDES SILES MOLINA 

Denote Ii and /_i by and /~, respectively. Then, for a = it we have: 

{/-^ g^ y--} c [[/-, g-], c 
{g^ y--, c [[q-, y-], /-] c [[y-, /-], g-] c 

To complete the proof we have to check that either {q"', I , V^} + {q'^ , V^'^, I'^} 7^ or 
{I^'^, (f , / 0. We have just showed that AnnTKK(y)(-^y) = 0; using [SSj Lemma 2.11] 

we obtain that kxixv'YYx.{w)i.^v) = and hence 7^ \Iy ^ q''\ C [/, q^\ C TKK(y) which implies 
that either [(/y)o, <f \ 7^ or [/^'^, q"\ 7^ 0. In the first case, we have: 

+ [(/y)o, g1 = [ [r , q^\ + [ \v\ r% c {r , y-, g-} + {y-, g-}. 

In the second case, apply that the representation of IDer(y) on V is faithful to obtain 

/ [ q% V-'^] = {/-^ (?^ y--} or 

/ [[/-^ g-], F'^] C /-], q-] = {y-, q-} = {q-, y-}. 

□ 

We continue the section by examining the relationship between maximal Jordan pairs of 
9Jt-quotients (see Pf, 3.1 and Theorem 3.2] for definition) and maximal algebras of quotients 
of Jordan 3-graded Lie algebras. 

Lemma 4.6. Let V = {V~^, V~) be a strongly nondegenerate Jordan pair. If I is an essential 
ideal o/TKK(y), then there exists an essential ideal lofV such that IdTKK(y)(-^) contained 
in I. 

Proof. Consider an essential ideal I of TKK(y), which is a strongly nondegenerate Lie algebra 
(by [El Proposition 2.6]); in particular, it is semiprime. Therefore, we may apply Lemma l3. II 
(i) and (ii) to find an essential graded ideal I_i © Iq © /i of TKK(y) contained in I. It can 
be shown, as in the proof of Theorem 14.51 that I_i © ( [h, V~] + [V~^, I_i] ) © Ii C / is an 
essential ideal of TKK(y) and, by means of Lemma HT3l / := (/i, /_i) is an essential ideal of 
V. □ 

For a strongly nondegenerate Jordan pair V, denote its maximal Jordan pair of 9Jt-quotients 
by Qm{V) (see [7] for its construction). 

Theorem 4.7. Assume that | € 

(i) Let V be a strongly nondegenerate .Jordan pair. Then 



Qm{V) = (^(Q„(TKK(y)))^, (Q™(TKK(y)))_^ 

is the maximal Jordan pair of dJt-quotients of V. 
(ii) If L = L_i © Lq © is a strongly non- degenerate Jordan 3-graded Lie algebra satis- 
fying that Qm{L) is Jordan 3-graded, then 

Qra{L) = Q^(TKK(y)) ^ TKK(Q„(y)), 

where V = (Li, L_i) is the associated Jordan pair of L. 
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Proof, (i). The Lie algebras Q^f^kk (TKK(y)) and Qm(TKK(y)) are isomorphic by Lemmas 
14.31 and 14.61 (see [7] for the definition of Qj^^j^j^{TKK{V)). On the other hand, Theorem 13.21 
(i) imphes that they are isomorphic to (5gr-m(TKK(F)). (Note that TKK(F) is a strongly 
nondegenerate Lie algebra by [71, Proposition 2.6] so, it has sense to consider its maximal 
graded algebra of quotients). Now, the result follows by [71 Theorem 3.2]. 

(ii). The Lie algebra L has zero center because it is strongly nondegenerate, hence L = 
TKK(y) (use Lemma l42]) and, obviously, Qm{L) = Q,„(TKK(y)). This one is a strongly 
non-degenerate Lie algebra (by 12. 4p and has a 3-grading (by (i) ) with associated Jordan pair 
Qm{y)- The hypothesis on Qm{L) allows us to use again Lemma [4.21 obtaining Qm{L) = 
TKK{Qm{V)). □ 

The following is an example of a strongly non-degenerate Jordan 3-graded Lie algebra L 
such that its maximal (graded) algebra of quotients Qm{L) is not Jordan 3-graded. If we 
denote by V the associated Jordan pair of L, we obtain that TKK((5m(^)) is not (graded) 
isomorphic to Qm{L)) (since TKK(Qm(^)) is Jordan 3-graded) which thereby means that the 
condition on L in Theorem 14.71 (ii) is necessary. 

Example 4.8. Denote by Moo(IR) = Uj^;^M„(M) the algebra of infinite matrices with a finite 
number of nonzero entries and consider 

L := 5loo(M) = {x £ Moo(M) | tr(x) = 0}, 

which is a simple Lie algebra of countable dimension (see [1^ Theorem 1.4]). 

Denote by Cij the matrix whose entries are all zero except for the one in row i and column 
j and consider the orthogonal idempotents e := en and / := diag(0, 1, 1, . . .) (note that 
/ ^ Moo(K)); we can see L as a 3-graded Lie algebra by doing L = L_i © Lq © -^ii where 
= eLf, Lq = {exe + fxf \ x £ L} and Li = fLe. 

Let exe + fxf be an element of Lq with x = (xij) € Mn(]R) for some n G N. Taking into 
account that tr{x) = 0, we obtain: 

n n 

exe + fxf = ^ [-eij, Xijen] G [L_i, Li], 

i=2 j=2 

This shows that Lq = [L_i, Li], i.e., L is Jordan 3-graded. 

In what follows, we will prove that Der(L) is not Jordan 3-graded. The simplicity of L 
implies that Qm{L) = Der(L); on the other hand, the strongly nondegeneracy of L allows us 
to apply [71 Proposition 1.7] obtaining that Der(L) is 3-graded. Now, take, 8 := ade; one can 
easily check that: 

(5(L_i) C L_i, 5{Lo) = and 5{Li) C Li, 

which means that 5 G Der(L)o. But note that 5 ^ [Der(L)_i, Der(L)i] since the elements of 
[Der(L)_i, Der(L)i] have zero trace on every finite dimensional subspace of L while the trace 
of 5 is always nonzero. Therefore, [Der(L)_i, Der(L)i] ^ Der(L)o, i.e., Der(L) is not Jordan 
3-graded. 

Remark 4.9. Note that there exist non-trivial Jordan 3-graded Lie algebras such that their 
maximal (graded) algebra of quotients are also Jordan 3-graded Lie algebras. For example: 
Let -F be a field and consider the Lie algebra 

L := s[2(F) = {x€ M2(F) | tr(x) = 0}. 
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We have that L is a Jordan 3-graded Lie algebra with the grading L = L_i © Lq © Li, where 

L_i = Fe2i, Lo = F{eu - 622) and Li = Feu- 

Moreover, L is a finite dimensional semisimple Lie algebra and applying \23\ Lemma 3.9] we 
obtain that L = Q„i{L). 

We finish the paper with analogues to Theorem 14.71 but for Jordan triple systems and 
Jordan algebras. In order to not enlarge the paper we refer the reader to |14l [T9| [18] for basic 
definitions and results on Jordan triple systems and algebras. 

Theorem 4.10. Let T he a strongly nondegenerate Jordan triple system over a ring of scalars 
$ containing |. Then the maximal Jordan triple system of "^-quotients of T is the first 
component of the maximal algebra of quotients of the TKK-algehra of the double Jordan pair 
V{T) = (T, T) associated to T, i.e., 

Qm{T) = (Q™(TKK(y(r))))i. 

Proof. The Jordan pair V(T) = (T, T) is strongly nondegenerate since T is so. By Theorem 
14.71 (i) we have 



QUV{T)) = (^(Q™(TKK(y(r))))^, (Q„(TKK(F(r))))_^J. 

The conclusion follows now from the versions of Lemmas 14.31 and 14.61 for Jordan triple systems 
and from [7;, 4.5 and Theorem 4.6]. □ 

Theorem 4.11. Let J be a strongly nondegenerate Jordan algebra over a ring of scalars ^ 
containing ^. Then 

Qm{J) = Qm{JT) = (Qm(TKK(y(JT))))l, 

is the maximal Jordan algebra of quotients of J, where Jt denotes the Jordan triple system 
associated to J and V{Jt) = {Jt, Jt) is the double Jordan pair associated to Jt. 

Proof. Note that Jj- is a strongly nondegenerate Jordan triple system by the strong nonde- 
generacy of the Jordan algebra J. From [Tj 5.4 and Theorem 5.5] it follows that the maximal 
Jordan algebra of quotients Qm{J) is Qm{JT)- Finally apply Theorem 14.101 to reach the 
conclusion. □ 
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